Abstract. From a fixed point theorem for compact acyclic maps defined on admissible convex sets in the sense of Klee, we first deduce collectively fixed point theorems, intersection theorems for sets with convex sections, and quasi-equilibrium theorems. These quasi-equilibrium theorems are applied to give simple and unified proofs of the known variational inequalities of the Hartman-Stampacchia-Browder type. Moreover, from our new fixed point theorem, we deduce new variational inequalities which can be used to obtain fixed point results for convex-valued maps. Finally, various general economic equilibrium theorems are deduced in the forms of the Nash type, the Tarafdar type, and the Yannelis-Prabhakar type. Our results are stated for not-necessarily locally convex topological vector spaces and for abstract economies with arbitrary number of commodities and agents. Our new results extend a lot of known works with much simpler proofs.
Introduction.
Recently, we obtained a new fixed point theorem for compact multimaps defined on admissible convex subsets in not-necessarily locally convex topological vector spaces (see [51, 53] ). Our theorem is one of the most general results and substantially extends a large number of known theorems, including Kakutani's theorem [26] for Euclidean spaces and Himmelberg's theorem [17] for locally convex topological vector spaces. Because these theorems were so useful in various problems in mathematical sciences including economic and game theories, it seems to be quite natural to generalize known results on applications of theorems of Kakutani and Himmelberg in view of our theorem. In this way, we can treat more general topological vector spaces than locally convex ones.
In the first half of the present paper, from a particular form of our fixed point theorem with the aid of some known selection theorems, we deduce new results on collectively fixed points (see Section 3), intersection theorems for sets with convex sections (see Section 4) , and quasi-equilibrium problems (see Section 5) . These quasiequilibrium theorems are applied to give simple and unified proofs of the known variational inequalities of the Hartman-Stampacchia-Browder type (see Section 6) .
In the second half, we deduce new variational inequalities (see Section 7) which can be used to obtain fixed point theorems generalizing a large number of historically well-known extensions of the Brouwer or Kakutani theorems. Finally, various general economic equilibrium theorems are deduced. These are the Nash type (see Section 8), the Tarafdar type (see Section 9) , and the Yannelis-Prabhakar type (see Section 10). Our results are stated for not-necessarily locally convex topological vector spaces and for abstract economies with arbitrary number of commodities and agents. Consequently, our new results extend a lot of known works due to von Neumann [71] , Nash [41] , Fan [11, 12, 13, 14] , Ma [37] , Idzik [21, 22] , Yannelis and Prabhakar [73] , Tarafdar [69] , Kim and Tan [30] , and others, with much simpler proofs. Recall that a nonempty topological space is acyclic if all of its reducedCech homology groups over rationals vanish. Note that any nonempty convex or star-shaped subset of a topological vector space is contractible, and that any contractible space is acyclic. A map T : X Y is said to be acyclic if it is u.s.c. with acyclic compact values.
Recall that a real-valued function g : X → R on a topological space X is lower (resp., upper) semicontinuous (l.s.c.) (resp., u.s.c.) if {x ∈ X : g(x) > r } (resp., {x ∈ X : g(x) < r }) is open for each r ∈ R. If X is a convex set in a vector space, then g : X → R is quasiconcave (resp., quasiconvex) if {x ∈ X : g(x) > r } (resp., {x ∈ X : g(x) < r }) is convex for each r ∈ R.
Berge's theorem (see [5] ). Let X and Y be topological spaces, f : X ×Y → R a real function, F : X Y a multimap, and Throughout this paper, all topological spaces are assumed to be Hausdorff, a t.v.s. is a topological vector space, and co and denote the convex hull and closure, respectively.
A nonempty subset X of a t.v.s. E is said to be admissible (in the sense of Klee [31] ) provided that, for every compact subset K of X and every neighborhood V of the origin of E, there exists a continuous map h :
Note that every nonempty convex subset of a locally convex t.v.s. is admissible (see Hukuhara [19] and Nagumo [40] [72] , and references therein.
The following particular form of our new fixed point theorem in [51, 53] is the basis of our arguments in this paper. We give its proof for completeness.
Lemma 3.1 (see [55] ). Let X be a topological space, Y a convex space, and S, T : X Y maps satisfying
Then, for any nonempty compact subset K of X, there exists a continuous function
Lemma 3.2 (see [18] ). Let X be a paracompact space, Y a convex space, and
Let {X i } i∈I be a family of sets, and let i ∈ I be fixed. Let For A ⊂ X, x i ∈ X i , and x i ∈ X i , let
For a family {E i } i∈I of t.v.s., let E = i∈I E i . Similarly X = i∈I X i and K = i∈I K i for subsets X i and
We begin with the following collectively fixed point theorems. 
Proof. Define T : X K by T (x) = i∈I T i (x) for each x ∈ X. Then T : X X is a compact closed map with convex values. Since X is admissible, by Theorem 2.1, T has a fixed pointx ∈ K; that is,x ∈ T (x) and hencex i ∈ T i (x) for each i ∈ I. 
Proof. Since K is compact in E, D = co K is σ -compact (see Lassonde [35] ) and hence Lindelöf. Since D is regular, we know that D is paracompact. Consider If all X i 's are compact in Theorem 3.4, we do not need the admissibility of X as follows.
Theorem 3.5. Let {X i } i∈I be a family of compact convex spaces and, for each
Proof. By Lemma 3.1, for each i ∈ I, T i has a continuous selection f i : X → K i , where K i is a polytope in X i . Note that each K i is a compact convex subset of a finite dimensional space E i , which is a locally convex t.v.s. Define a map f :
Note that f is continuous and that K is admissible as a convex subset of a locally convex t.v.s. E. Therefore, by Theorem 2.1, we have a fixed point x ∈ X of f ; that is,
This completes the proof.
Examples. (1)
If I is a singleton and S i = T i , then Theorem 3.5 reduces to the wellknown Fan-Browder fixed point theorem (see Park [47] ).
(2) For the case I is a singleton, Theorem 3.5 was due to Ben-El-Mechaiekh et al. [4, Theorem 1] and Simons [64, Theorem 4.3] . This was extended by many authors (see Park [47] ).
Intersection theorems for sets with convex sections.
The collectively fixed point theorems in Section 3 can be reformulated to generalize various von Neumann type intersection theorems for sets with convex sections as follows. 
Proof. We use Theorem 3.3 with
Then, for each x ∈ X, we have
which implies that Gr(T i ) is closed in X × K i . Hence, each T i is a closed map with nonempty convex values. Therefore, by Theorem 3.3, there exists anx ∈ K such that 
Proof. We apply Theorem 3.4 with S i , T i :
and
for each x ∈ X. Then, for each i ∈ I, we have the following:
(a) for each x ∈ X, we have co
and, on the other hand,
Hence,
Therefore, by Theorem 3.4, there exists anx 
is l.s.c.; and (3) for each x ∈ X, the set
and, since Gr( 
is l.s.c.; and (2) for each x ∈ X, the set
is acyclic. Then there exists anx ∈ X such that (u, v) ψ (u, g(v) ) is continuous on X × X, then there exists anx ∈ X such that
(6.5) 
]: let X be an admissible compact convex subset of a t.v.s. E, F a topological space, and , : F × E → R a function which is linear in the second variable. Suppose that g : X → F is a function such that (x, y) g(x), y is continuous on X × E. Then there exists anx ∈ X such that
g(x), y −x ≥ 0 ∀ y ∈ X. (6.6) Put S(x) = X, f (x, y) = g(x),
) T (y),θ(y,y) ≥ 0 for all y ∈ X; and (2) for each y ∈ X, the function T y,θ(·,y) : X → R is quasiconvex. Then there exists an
Put S(x) = X, f (x, y) = − T (x),θ(y,x) for x, y ∈ X, and apply Theorem 5.2.
Remarks. (1) Note that the statements (ii)-(vi) are more general than the original ones.
(2) In the frame of the KKM theory, some of (i)-(vi) can be obtained without assuming the admissibility. However, in this section, we want to show the applicability of Theorem 2.1.
(3) In [59] , using the Idzik fixed point theorem [23] , different versions of results of this section were given.
More variational inequalities. From Theorem 3.4 we have the following.

Theorem 7.1. Let X be a convex subset of a t.v.s. E, K a nonempty compact subset of X, and S, T : X K a map such that
(1) for each x ∈ X, co S(x) ⊂ T (x); and (2) {Int S − (y)} y∈K covers X.
If co K is admissible in E, then T has a fixed point.
Remark. 
y) > 0}; and (4) p(x, y) ≤ 0 for all x ∈ X and y ∈ X\K. If co K is admissible, then there exists an
Proof. Suppose that for each x ∈ X, there exists a y ∈ K such that p(x, y) > 0 and hence q(x, y) > 0 by (3) . Define S, T : X K by (3); and (ii) for each x ∈ X, there exists a y ∈ K such that y ∈ S(x) or x ∈ S − (y) = {x ∈ X :
Therefore, by Theorem 7.1, T has a fixed pointx ∈ X; that is,x ∈ T (x). Hence,x ∈ K and q(x,x) > 0. This contradicts (1). Therefore, there exists an x 0 ∈ X such that
However, this inequality holds for all y ∈ X because of (4).
Let K be the real field R or the complex field C. In order to obtain variational inequalities related to multimaps, we need the following simple consequence of Berge's theorem. 
Lemma 7.3. Let E be a t.v.s. over K, X a nonempty subset of E, F a topological space, T : X F an u.s.c. map with compact values, and , : F × E → K a function such that for each y ∈ E, (f , x) Re f ,x −y is l.s.c. on F ×X. Then for each y ∈ E, the function
Proof. As in Kum [33, Lemma B] , the pairing , : F × X → K is continuous. Therefore, by Lemma 7.3, the proof is completed.
Remarks. (1) Note that if F = E
* , the topological dual of E, then y z, y is obviously continuous for each z ∈ E * . 
Moreover, the set of all solutions x 0 is a closed subset of X. Further if T (x 0 ) is convex and α(x 0 , ·) is linear, then there exists an f 0 ∈ T (x 0 ) such that
Proof. We use Theorem 7.2 with p = q. Let
Re f ,x − y +α(x, y). (iii) For each x ∈ X, {y ∈ K : p(x, y) > 0} is convex in K. In fact, for any y 1 ,y 2 ∈ K satisfying p (x, y 1 ) > 0 and p(x, y 2 ) > 0, let y = ty 1 + (1 − t)y 2 for some t ∈ (0, 1) . Then
Note that y ∈ K by (2).
(iv) For each y ∈ X\K and x ∈ X, we have p(x, y) ≤ 0 by (2) . Therefore by Theorem 7.2, there exists an x 0 ∈ X such that
Moreover, the set of all solutions x 0 is y∈X {x ∈ X : p(x, y) ≤ 0}, (7.12) which is the intersection of nonempty closed sets by (ii).
To prove the final assertion, suppose that T (x 0 ) is convex and α(x 0 , ·) is linear on X. We define a function g :
Then g is linear in f ∈ T (x 0 ) and in y ∈ X. Note that for a given y ∈ X, f g(f , y) is continuous on F with the η(F , E)-topology. Therefore, by the Kneser minimax theorem [32] , we have
(7.14)
Since the right-hand side of (7.14) is less than or equal to zero by the first conclusion, we have
Since f sup y∈X g(f , y) is l.s.c. and T x 0 is compact, there exists an f 0 ∈ T (x 0 ) such that sup y∈X g(f 0 ,y) ≤ 0. This completes the proof. (3) Note that in some cases we can choose a topology on F different from η(F , E) and the assumption on the boundedness of X can be removed from Theorem 7.5. For example, if we choose the topology σ (F,E) (see [57] ) or in the case of a normed vector space E and F = E * (see [30, Theorem 3] ), we need not to assume the boundedness of X.
For a subset X of a t.v.s. E, the inward set I X (x) of X at x ∈ E is defined by 
Then there exists an x 0 ∈ X such that
Moreover, the set of all solutions x 0 is a closed subset of X.
Remarks.
(1) Theorem 7.6 is due to Park and Kang [58, Corollary] and strengthens [30, Corollary 2] .
(2) In [58] , Theorem 7.6 was used to obtain a far-reaching generalization of fixed point theorems of Kim and Tan [30] . 
is quasiconcave on X i ; and
Let {t i } i∈I be a family of real numbers. Then either (a) there exists an i ∈ I and an x i ∈ X i such that
Proof. Suppose that (a) does not hold; that is, for any i ∈ I and any x i ∈ X i , there
exists an (2) The conclusion of Theorem 8.1 can be stated as follows: if
then (b) holds (see Fan [12, 13] ).
From Theorem 4.3, we also obtain the following generalization of the Nash-Ma type equilibrium theorems. 
Then there exists a pointx ∈ X such that
Proof. For any ε > 0, we define [70] .
Particular forms of results in this section can also be seen in Browder [7] .
9. The Tarafdar type equilibrium theorems. In this section, we apply Theorem 3.4 to the existence of equilibrium points and maximal elements of an abstract economy.
An abstract economy Γ = (X i ,A i ,B i ,P i ) i∈I consists of an index set I of agents, a choice set X i in a t.v.s. E i , constraint correspondences A i ,B i : X = i∈I X i X i , and a preference correspondence P i : X X i for each i ∈ I. An equilibrium point x = {x i } i∈I ∈ X is the one satisfying x i ∈ B i (x) and A i (x) ∩ P i (x) = ∅ for each i ∈ I. We say that x ∈ X is a maximal point of the game (X i ,P i ) i∈I if P i (x) = ∅ for each i ∈ I. 
If D is admissible, Γ has an equilibrium point in K.
Proof. Let
For each i ∈ I, we define two maps S i ,T i : X K i by
Then for each i ∈ I and x ∈ X, we have ∅ = co S i (x) ⊂ T i (x); and for each y ∈ K i , we have 10. The Yannelis-Prabhakar type equilibrium theorems. In this section, we point out that some modifications or generalizations of the Yannelis-Prabhakar type equilibrium theorems [73] can also be obtained in the frame of our method in this paper for not-necessarily locally convex t.v.s.
We list some of them as follows. [56] .
(3) Finally, for further applications of Theorem 2.1, the reader may consult [52, 54, 44] .
